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SOME OBSERVATIONS ON 'A NEW PROOF 
OF A THEOREM OF JAYNE AND ROGERS' 



Abstract 

We adapt a construction taken from 'L. Motto Ros and B. Semmes, 
A new proof of a theorem of Jayne and Rogers, Real Anal. Exchange 
35(1) (2009/2010), 195-204' in order to correct a mistake contained in 
the first part of the same paper. As a byproduct of the new construction, 
the Jayne-Rogers theorem is extended to functions whose range is a 
regular topological space, and a theorem of Solecki which sharpens the 
Jayne-Rogers theorem for separable metric spaces is extended to the 
non-separable context. 

Let us first recall some important definitions together with the Jayne- 
Rogers theorem considered in [7]. 

Definition. Let A be a metric space and let Y be a regular topological space. 
A function /: X -> Y is said to be ^-measurable, if f~ 1 (U) ^°P0 f° r 
every open set U C Y, and it is said to be a function if / -1 (t/) 6 A"(A) 
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for every open set U C Y (equivalently, f~ l {S) 6 £°P0 for every S € E^Y), 
if y is a metric spac^ll) ■ 

The function / is said to be piecewise continuous if X can be covered by 
a sequence X\ , X2 , ■ ■ . of closed sets such that / \ X n is continuous for every 

tJGtd. 

A function / : X Y is said to be of Baire class 1 if it is the pointwise 
limit of a sequence of continuous functions /„ : X — > Y. 

The metric space X is said to be an absolute Souslin-J 7 set if X is a Souslin- 
T set in the completion X of X under its metric, i.e., if it belongs to ATIi(X), 
where A is the usual Souslin operation (see [U Definition 25.4]). 

Notice that, by [51 Theorem 25.7], separable absolute Souslin-J 7 sets are 
exactly the analytic sets. 

Theorem 1 (Jayne- Rogers for Y metric). If X is an absolute Souslin-J- set 
and Y is an arbitrary regular topological space, then f : X — > Y is a A"- 
function if and only if it is piecewise continuous. 

According to the authors of [5] , their original proof of this theorem, with 
Y assumed to be a metric space, is long and quite complicated (even in the 
separable case), but a more elementary and very short proof was presented 
some years ago in [7]. The proof was divided in two parts: in the first one, 
the general case of an absolute Souslin-J 7 set X was reduced to the particu- 
lar situation in which X is a zero-dimensional complete metric space, while 
in the second one (which contains the main construction of the paper), the 
Jayne- Rogers theorem was proved under such extra assumption on X. How- 
ever, as pointed out by the first author of this paper (and, independently, by 
M. Sabok), the reduction used in the first part is faulty. To explain this in 
more detail, let us continue with some more definitions. 

Let X be an absolute Souslin-J 7 set and Y be an arbitrary regular topo- 
logical space. Given a function / : X — »■ Y, let us denote by If the cr-ideal of 
all subsets A C X for which there is a set S £ S°(X) such that A C S and 
/ [■ S is piecewise continuous. Note that this definition of If is equivalent to 
that given in [7] (up to the restriction to X from its completion). 

It is claimed on p. 197] that if A C X is such that A ^ If then 
/ \ A is not piecewise continuous (where / is implicitly assumed to be 
measurable and Y is a metric space). However, this is not true even if we 

1 In [5] , the first level Borel functions were defined in this equivalent form for Y a metric 
space. However, if Y is not metrizable (as it is the case for some results contained in the 
present work) then open sets in Y need not be S^, and hence there might be first level 
Borel functions / : X — > Y which are not piecewise continuous (even with X metric) . This 
shows that the change of the definition to Ajj-functions adopted in this paper provides a 
more natural notion in the non-metrizable context. 
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further assume that X be a Polish space and A be a II^X) set, as the following 
counterexample shows. Consider X = R, A = K. \ Q, let (q n | n G N) be any 
enumeration without repetitions of the rational numbers, and let / : R — y R 
be the function 



Then / is of Baire class 1 (hence also £2~ measura ble), and by the Baire 
category theorem A £ If since / is discontinuous on every nonempty open 
set: but since / is constant on A, f \ A is obviously piecewise continuous. 

The mentioned reduction in the first part of [7] explicitly uses the claim 
above, so by the previous counterexample we must conclude that this part of 
the proof is wrong (even though the second part still works, so that the proof 
of the Jayne-Rogers theorem contained in [7] is still valid when X is assumed 
to be a zero-dimensional complete metric space). 

A similar reduction had already been used at the beginning of the proof of 
Solecki's [9J Theorem 3.1], a further sharpening of the Jayne-Rogers theorem 
in the context of separable metric spaces. To precisely state this last result 
we must introduce one more notion: for / : Xq — > Y$ and g : X% — > Y% , we say 
that / is contained in g (f C g in symbols) if and only if there are embeddings 
(i.e., open continuous injections) <fi: Xq — > X\ and ip: f(Xo) — > Y\ such that 



Theorem 2 (Solecki). Let X be an analytic set, Y be a separable metric 
space, and f : X — > Y be a E2~ measum ^ e function. Then either f is piecewise 
continuous or else one of L, L\ is contained in f , where L and L\ are the two 
Lebesgue's functions defined on JP| p. 522]. 

To prove this result, Solecki first observed on p. 530] that one can reduce 
the case of an arbitrary analytic set X to the simpler case when X is Polish, 
i.e., that if / is not piecewise continuous then there is a Il2(X)-set G C X 
such that / I" G is not piecewise continuous as well. However, in the proof 
presented in [9] such a set G is obtained by implicitly using again the claim 
mentioned above, and by this reason it may fail to have the desired property 
(as the counterexample above shows, even in the separable case we have that 
G £ If does not imply that / \ G is not piecewise continuous) . 

After obtaining the results contained in this note, in a recent conversation 
with Solecki we learned that the imprecision in [9] Proof of Theorem 3.1] had 
already been pointed out to him by Sabok in 2010, and that he then straight- 
away found a very simple procedure which allows to manipulate the Il2(X)-set 




— if x = q n for some n 6 N, 



lpof = go<f>. 
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G £ If obtained in his original proof in order to get a new 11° (X) -set G' D G 
for which / \ G' is not piecewise continuous, thus completely fixing the men- 
tioned problem in Proof of Theorem 3.1] (for the sake of completeness, 
this argument is included in the remark at the end of this paper with prof. 
Solccki's kind permission). As later observed by Sabok, such an argument can 
be easily extended to the non-separable setting: however, such a generalization 
still does not fully fix the reduction used in Proof of Theorem 1.1] because 
the resulting set G' need not be zero-dimensional (so that we still do not have 
that / I" G' is of Baire class 1, as required in Theorem 2.1]). 

The main goal of this paper is to completely fix the proof of Theorem[T]con- 
tained in [7]. However, the problematic reductions encountered in the proofs 
of both Theorem [T] and Theorem [2] also suggest that it would be interesting 
to abstractly know which kind of "reductions" can be used in those theorems, 
i.e., to ask under which extra conditions on X and Y, a proof of one of them 
for such particular case automatically implies the general result. 

Therefore, in what follows we will first fully reprove the Jayne- Rogers the- 
orem[T]by generalizing the construction presented in jTJ Proof of Theorem 2.1] 
from the case of a zero-dimensional complete metric space X to the case of 
an arbitrary absolute Souslin-J" set. One benefit of this approach is that it 
allows us to weaken the assumption on Y from a metric space to a regular 
topological space. The other benefit is that, as a consequence of such gener- 
alization, we will get that not only reductions of the kind mentioned in this 
introduction are actually valid, but that in fact an even much stronger result 
of this type holds (see Theorem [7]): this provides an answer to the abstract 
question addressed at the end of the previous paragraph. Interestingly enough, 
combining this last result with the proof of [9J Theorem 3.1] for Polish spaces, 
we will get as a corollary that Solecki's theorem [2] holds even in the broader 
context of arbitrary absolute Souslin-J 7 sets X and arbitrary metric spaces Y 
(see Theorem [5]). 

We denote by ui the set of all non-negative integers. The set of all binary 
sequences of finite length is denoted by 2 <u , while 2" is the Cantor space. 
Similarly, uj <u1 denotes the set of all sequences of non-negative integers of 
finite length and w w is the Baire space. From now on, unless said otherwise, 
we assume X to be a metric space and Y to be a regular topological space. 
For A C X, we denote the closure of A in X by A and the closure of A in X 
by A . For any undefined notation we refer to [6]. 

Given A,BcY, we say that A and B are strongly disjoint if A n B = 0. 
Let /: X -> Y be a function. We put A f = / -1 (Y \ A). Note that one 
has (^4 U By — A* D B* and also note that if A, B are strongly disjoint and 
A f ,Bf £ If, then X <G If, since {A? , B?} is a covering of X. 
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Let x G X 7 X' C X and A c Y. We say that the pair {x,X') is /- 
irreducible outside A if for every open neighborhood V C X of x we have 
^fll'ny gl f . Otherwise we say that (x,X') is / -reducible outside A. 
Notice that if (a;, X') is /-irreducible outside A then x E Af n X', as otherwise 
A? (~l X' n U = G X/ for some open neighborhood V of x. Also notice that if 
(x,X r ) is /-irreducible outside A then (x,X' D W) is /-irreducible outside A 
for any neighborhood W of a;. Recall that a family i3 of subsets of X is said to 
be discrete if X can be covered by open sets each having a nonvoid intersection 
with at most one member of B. 

Lemma 3. Suppose f : X — >• Y is a Y^-measurable function, X' is a subset 
of X and A C Y is an open set such that X 1 C A* . Then the following 
assertions are equivalent: 

(i) X'il f ; 

(ii) there is an x G X' and an open set U <ZY strongly disjoint from A such 
that f{x) G U and [x,X') is f -irreducible outside U . 

PROOF, (ii) (i): If (x, X') is /-irreducible outside U, then U f (iX'nX £ X f 
and therefore also X 1 E"lf- 

(i) =>• (ii): Assume toward a contradiction that (ii) does not hold, i.e., for 
every x G X' and every open set U C Y strongly disjoint from A such that 
f(x) G U we have that (x,X') is /-reducible outside U. Then there is some 
open neighborhood V G X of x such that XI' D X' D V €lf. Let B be a 
a-discrete base for the topology of X, i.e., i3 = Une^ ®n with each B n discrete 
(see, e.g., [U Theorem 4.4.3]). Let Q n be the union of the elements B of B n 
such that B H X' G X/. Since, by Lemma 2.2], 1/ is closed under discrete 
unions, Q n d X' G X/ for every n G u. Finally, put Q = \J Q n and notice 
that Q (~1 X' G If and that Q is open and contains as a subset each open set W 
for which W C\ X' <E l f _ 

We claim that / \ (X' \ Q)CiAf is continuous. Suppose otherwise, so that 
there is an x G (X 1 \ Q)C\Af and an open set U C Y such that f(x) G U and 
there is no open neighborhood V oi x such that f(V D (X' \ Q) n A*) C [/. 
Using regularity of Y, there is an open set U' C Y strongly disjoint from A 
such that f(x) G U' and U' C [/. Let V G X be an open neighborhood of x 
given by the failure of (ii) on the inputs x and U', so that {U'y C\X' C\V G 2/. 
By our hypothesis there is x' G V n (A 77 \ Q) n A^ such that /(a;') ^ C/ 7 , and 
by using regularity of Y again, we can find an open neighborhood U" G Y 
of f(x') strongly disjoint from U' and A. Let now V' G X be an open set 
given by the failure of (ii) on inputs x' and U" , so that (U") f HX' DV' G I/. 
By the strong disjointness of U' and U", {{U') f , (U") f } is a covering of the 
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set X' n V n V. Therefore X' CiV CiV Glf and we must have V n V C Q. 
But this implies x' G Q, a contradiction! 

Thus / \ (X 7 \ Q) n A-f is continuous. Since (X 7 \ Q) n A' is a set 
containing X' \ Q, we get that X' \ Q G If, and so X' £ If. □ 

Lemma 4. Le£ /: X — > V &e onj/ function, x^X,X'cX,AcY and 
let Uo, . . . ,U n be a sequence of pairwise strongly disjoint open subsets of Y . 
If (x,X') is f -irreducible outside A, then there is at most one i € {0, ... ,n}, 
such that (x,X') is f -reducible outside A U U. 

Proof. Assume that there are two indices i,j G {0, . . . , n}, i ^ j, such that 
(x,X') is /-reducible outside both A U U and AuUj. Then there are open 
neighborhoods V and Vj of x such that (A U U) 1 D X' n V, G X/ and (A U 
t/j)^ n X' n Vj G I/. Since t/j and Uj are strongly disjoint, this implies that 
A f DX' CiViD Vj G J/, and thus V* n Vj contradicts the fact that (x,X') is 
/-irreducible outside A. □ 

Lemma 5. Let X be an absolute Souslin-F set and Y an arbitrary regular 
topological space. Let f ': X — > Y fee a T^-measurable function which is not 
piecewise continuous. Then there is an open set U C Y and a continuous 
reduction g:2"^X from S = {z G 2" | 3Hj > i(z(j) = 0)} to / _1 (C/). 

Further, it is possible to construct this reduction so that it is in fact an 
embedding, fog is continuous on every z S, and that for all e > 0, osc(/ o 
g,z) < e for all but finitely many z G S. 

Proof. Since X is an absolute Souslin-^ set, we can write 

x = u n F »\n> 

where F v \ n is closed in the completion X of X and F u \ n+1 C F v \ n for every 
v G ijJ u and n G w. For every fj, G uj <u we denote 

x » = u n ^i™- 

Clearly, X M C F^ and X M = {J neu] X^-n for every G w <w . The construction 
will be carried out by induction with respect to the order ^ on 2 <IJ defined 

by 

s < t ^=^> length(s) < length(t) V (length(s) = length (t) A s < lox t), 
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where <i cx is the usual lexicographical order on 

2 length( S )^ We write s ^ t jf 

s ^ t and s =/= t. 

We will construct a sequence (V s \ s e 2 <w ) of subsets of X, a sequence 
(x s | s G 2 <LJ ) of points of X, a sequence (U s \ s 6 2 <w ) of subsets of Y, and 
a mapping /i: 2 <UJ — > uj <u) such that for every s 6 2 <w : 

(1) if t C a then K s C Vt, 

(2) diamV; < 2- lcn s th ( s ) +1 , 

(3) x s 6 Vs, 

(4) f(x s ) e C/ S) 

(5) f/ s is open, 

(6) if s = t"0 then x s = x t , 

(7) if the last digit of s is 1 then f(y s ) n \J U _, S U u = 0, 

(8) (x t , Vt) is /-irreducible outside A for every i ^ s, where A = (J u _< a Uu, 

(9) if t C s then /i(i) C h(s) and if, moreover, the last digit of s is 1 then 

M*) £ M s )> 

(10) v s cx Hs) , 

(11) if the last digit of s is 1 then diam(/(T4)) < 2- lcn s th ( s ), 

(12) the family {Vt \ t € 2™} is pairwise strongly disjoint for every n G u>. 

At the first stage, let x and U be given as in Lemma [3] applied to X' = X 
and A = 0. Then put x$ = x, U$ — U, /i(0) = and let V$ = B(x$, 1) be an 
open ball in X with the centre x$ and radius 1. 

Suppose we have defined Vt,xt, Ut and h(t) for every t -< s~0. Then putting 
xs-o = x s , Us-o = Us, h(s*0) = h{s), and V> = KnBfi^-'™*)- 1 ), it 
is easy to verify that conditions (fT1)- (fTl"j) are satisfied. 

Now suppose we have defined V t ,x t ,U t and h(t) for every t -< sA. Let 
A = Utxs'i Ut an d O — Y \ A. By the inductive hypothesis, condition (J5J) 
applied with t and s replaced by s and s"0, respectively, says that (x s ,V s ) is 
/-irreducible outside A, so that in particular / _1 (0) P\V S — A^ f)V s ^ If- 
Le10 {O^ | n € u>, a £ A n } be a cr-discrete open decomposition of O with 



2 Note that if Y is separable then this part of the argument can be simplified by taking a 
proper countable open decomposition of the set O. The preimages form a countable family 
of S^(X)-sets and so the existence of the required set C is immediate. 
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diam(C^) < 2- lcn s th ( s )- 1 for each n and a (see, e.g., [3 Theorem 4.4.3]). By 
Theorem 3], the inverse image under / of this family of sets is a discretely 
cr-decomposable family in X, and so by a rather obvious modification of the 
proof of Theorem 4], there are some n and a such that / _1 (Oq) <lV s tfilf- 
Since / is Sj-measurable, we have £ E^X), and thus there exists 

a set C C / _1 (0") closed in X such that C H V s £ If and diam(/(C)) < 
2 -icn g th( s )-i_ AlsQj since = \J neu X his y n and (HDJ holds, there is some 

new such that X' = C D n X h(s y n £ l f . Put fr(s'l) = h(s)"n. 

Claim. There are x s ~% £ X' and U s "i C Y such that f(x s ~i) £ L/ s -i, t^ri is 
open and strongly disjoint from A, (xt, Vt) is /-irreducible outside A U [/ s *i 
for every t -< s~l and (avi,X') is /-irreducible outside AU U s ~i- 

Proof of the Claim. Let k — \{t £ 2 <LJ | t ~< s"l}|. Using LemmaES for 
j = 0, . . . , k recursively construct Xj and Uj so that f(xj) £ Uj, Uj is strongly 
disjoint from AL)U<j (where U < j = if j = and C/< 3 = Ui<j otherwise), 
and (xj,X' f~l {U < j) i ) is /-irreducible outside [/,. Now notice that there must 
be some j £ {0, . . . , k), such that the claim is satisfied with x s ~\ — Xj and 
U s ~i = Uf. if not, by the pigeonhole principle there should be j ^ j' < k 
and t ~< s~l such that (xt , Vt) is /-reducible outside both A U Uj and A U Uj> , 
contradicting Lemma |U □ 

Finally, let V s ~i = X' n fl(avi, 2- lcn s th ( s )- 1 ). It is easy to check that all 
the conditions (TTj)- (|lll) are satisfied. 

To achieve condition (|12[) . we redefine the sets {Vt \ t G 2™} at the end 
of the induction step for s = (1, 1, . . . , 1) with length(s) = n: It is clear from 
conditions ([3]), ((4]) and ([7]) that if t, u £ 2™ and t ^ u then x t 7^ £„. Thus 
there is a family of nonempty pairwise strongly disjoint open balls {B t \ t £ 2 n } 
centered in the respective Xt's. By replacing Vt by Vt OB t for every t e 2", we 
get condition (|12[) and none of the other conditions is violated. This completes 
the recursive definition of the sequences required. 

Now put U = U s <e2<" an d l et 9 '■ 2 " -> X be defined by g(z) = 
(| ngaj l/ z i n for every z £ 2". It follows from the completeness of X and 
conditions (H}-© that g is well-defined and continuous. It remains to show 
that g is an X-valued reduction from S to /(£/). 

If z £ S 1 then, by ([5]), for some new we have that x z |„ = a^u — x £ X 
for every n > n. Therefore, by Q, <?(z) = x and, by (@}, f(g(z)) — f(x) £ 

U z \n CU. 

Assume now z £ S. By condition (jTDJ), g(z) £ V z \ n C Fh{z\n\ f° r every n £ 
uj. Therefore, using (j9|), there is some v £ cj u such that g(z) £ f] neuJ V z \ n * C 
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Hneuj F h{z\n) = n mew F v\m C X. Finally, since we have g(z) 6 f|„ e cu ^*|" n 
= n„ ew ^z|n, condition (0 implies that f(g(z)) £ U. 

Finally, condition gives that / o g is continuous on every z £ S, and 
that for all e > 0, osc(/ o g, z) < e for all but hnitely many z G S. By (|12l) . g 
is an embedding. □ 

Proof of Theorem [TJ One direction is trivial. For the other direction, as- 
sume that / is S2 -measura ble but not piecewise continuous. By Lemma [SJ 
there is an open set U C Y and a continuous reduction g: 2 U — > X from 
S = {z € 2" | BiVj > = 0)} to / -1 (?7). Since S is a Incomplete set, 

/ _1 (£7) is also a E^-complete set and therefore not in ASj(-X'). □ 

Remark. The simplified version of the proof of Lemma [5] without conditions 
(fTTjl and (fl2|) suffices to prove Theorem [TJ in fact, these conditions are only 
used to ensure the additional statement of the lemma, which will be used only 
later in the alternative proof of Theorem [H Notice also that for this simplified 
version one can avoid any use of the results from [5] when considering the 
induction step for s"l of the main construction (see page[7j), because in this 
case it is enough to deduce from A? D V s If and A? 6 Sf^X) (which follows 
from the S2 _mcasura bihty of /) that there is a set C C A? closed in X and 
such that CnV s £X f . 

The following result is a corollary of Lemma [5j 

Corollary 6. Let X be an absolute Souslin-F set and Y a regular topological 
space. If f : X — > Y is Y^-measurable and not piecewise continuous, then there 
is a Cantor set (i.e., a homeomorphic copy of the Cantor space 2") K C X 
such that f \ K has the same properties. 

Proof. Let g be as in Lemma[S] Then g(2 u ) is a nonempty compact metriz- 
able (hence Polish) zero-dimensional space such that / \ g(2 u ') is S^-measurable 
but not piecewise continuous (as /~ 1 (C/) is a proper S^-set in ^(2")). This 
in particular implies that g(2 w ) is uncountable. Using the Cantor-Bendixson 
theorem (see [6l Theorem 6.4]), write g{2 u ) as PUC, where P is a (nonempty) 
perfect subset of g(2 u ) and C is countable: then P is a Cantor set by Brouwer's 
theorem (see O Theorem 7.4]) and / \ P is S^-measurable but not piecewise 
continuous. □ 

Theorem 7. Let X be an absolute Souslin-J 7 set, Y be a metric space, and 
f : X Y be a Y^-measur able function. If f is not piecewise continuous then 
there are a Polish space Y' and a Baire class 1 function g: 2" — > Y' such that 
g is not piecewise continuous and g C /. 
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Proof. By CorollarylHl there exists a Cantor set K C X such that /' = / \ K 
is not piecewise continuous. By [2j Theorem 1] and the subsequent proposition, 
f'(K) is Lindelof, and therefore a separable space (since Y is a metric space). 
Thus, there is a Polish Y' C Y which contains f'(K), and /': K — > Y' is 
a Baire class 1 function because, being K and Y' separable metrizable with 
K zero-dimensional, this notion coincides with S§-measurability by classical 
results (see e.g. [i Theorem 24.10] % Let h : 2 U — > K be any homcomorphism, 
and put g = f'oh : 2" — > Y' . Then g cannot be piecewise continuous (otherwise 
/' would be piecewise continuous as well) and g E /, as witnessed by h and 
the identity function on g(2 w ) = f'(K). □ 

In particular, we get the following strengthening of Solecki's Theorem [51 

Theorem 8. Let X be an absolute Souslin-J- set, Y be a metrizable space, 
and f be a T^-measurable function. Then exactly one of the following holds: 

(i) / is piecewise continuous; 

(ii) L E / or Lx C /. 

Proof. As a consequence of Theorem[7l we get that the proof can be reduced 
to the case of a Baire class 1 function g : 2" — > Y' with Y 1 a Polish space. To 
see this, observe that: 

(1) If 9 E / and g is not a Aj-function then / is not a A^-function; 

(2) the relation E is transitive. 

Now, it is enough to apply the argument contained in [9l Proof of Theorem 3.1] 
(for the special case of a Polish space X) to the function g given by Theorem 
[7] — this is possible as g is defined on the Cantor space 2^ and Y' is metric 
separable. □ 

Alternative proof. Using the reduction g given by LemmaEJ we have that 
/ o g is continuous on every z ^ S, and that for all e > 0, osc(/ o <?, z) < e 
for all but finitely many z € S. So we can now use the last thirteen lines of 
Solecki's [9j Proof of Theorem 3.1] (which use only elementary or well-known 
results) to show that one of L, L\ embeds into fog, which implies the same 
for / because g is an embedding (by Lemma [5] again) . □ 

3 Alternatively, instead of using the result from [2] one could also first observe by using 3 
Theorem 8] that / : K — > Y is a Baire class 1 function, and then directly show by induction 
on a < u>i that for every Baire class a function / from a compact topological space K 
to a metrizable space Y there is a separable and closed (hence Polish) subspace Y' of the 
completion Y of Y such that f(K) C Y' and /: K — > Y' is still of Baire class a (in 
particular, f(K) is a separable subspace of Y). 
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Remark. Let X be an analytic set, Y be a separable metric space and / : X — > 
Y be a Ej-measurable function which is not piecewise continuous. By [8j 
Theorem 1], there is a Il2(X)-set G C X such that G $ If. As already 
discussed, it is essentially claimed on p. 530] that / \ G is not piecewise 
continuous, but this does not directly follow from G ^ If. The following 
simple argument, which fixes this problem, is due to Solecki. 

Without loss of generality, we can assume that no non-empty open subset 
of G is in If. We represent G as the intersection of a decreasing sequence 
(U n | n S N) of open subsets of X. Let (V n n e N) be an enumeration of 
a topological basis of G consisting of non-empty sets. From the assumption 
on G, we have that / is discontinuous on V n D U„ for every n 6 N. Let 
K n C V n (~1 U n be a compact set on which / is discontinuous (i.e., K n is some 
convergent sequence together with its limit). Then G 1 = G U |J n K n is still a 
n°(X)-set since G U \J n K n = f) n (U n U \J m<n K m ). Discontinuity points of 
/ restricted to G" are dense in it, so / \ G' is not piecewise continuous by the 
Baire category theorem. 

As already discussed in the introduction, despite the fact that it can be 
easily extended to the non-separable setting, the argument considered in this 
remark does not fully fix the reduction used in [7J Proof of Theorem 1.1]: this 
is why we think that it was nonetheless worth carrying out the proof contained 
in this paper. Moreover, we underline that, in any case, the approach we took 
in the present note has some advantages with respect to the kind of modifi- 
cations considered in this remark, namely: a) it gives an even simpler, more 
general and more elementary proof of Jayne-Rogers theorem [T] as it avoids 
any reference to nontrivial results like [51 Theorem 1] or its non-separable ver- 
sion [3J Theorem 1.3], and b) it allows to extend Solecki's theorem [5] to the 
non-separable context. 

Acknowledgement. The authors would like to thank the referee for helpful 
suggestions on the preliminary version of this paper. 
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